Abstract. Given non-constant holomorphic maps β j : S j → S 0 , j = 1, 2, between closed Riemann surfaces, there is associated its fiber product (in the set theoretical sense), which may or not be connected and when it is connected it may or not be irreducible. A Fuchsian group description of the irreducible components of the fiber product is given and, as a consequence, we show that if one of the maps β j is regular, then all irreducible components are isomorphic. In the case that the fiber product is connected (for instance, if S 0 has genus zero by results of Fulton-Hansen), we provide sufficient conditions for it to be irreducible; examples are provided to see that these conditions are not necessary in general. We define the (strong) field of moduli of the fiber product and see that it coincides with the minimal field containing the fields of moduli of the starting pairs (S 1 , β 1 ) and (S 2 , β 2 ). We also study an isogenous decomposition of the Jacobian variety of the fiber product in some cases.
Introduction
In the category of sets there is a construction called the fiber product which satisfies certain universality property, but such a construction may not always be realizable in some subcateogories. It is known that the fiber product of algebraic varieties (or schemes) is again an algebraic variety (or scheme) [17] and this object has been a main tool for constructing examples and counterexamples in algebraic geometry.
In this paper we are mainly interested in the case of closed Riemann surfaces. Let us consider the fiber product S 1 × (β 1 ,β 2 ) S 2 (see Section 2.2) of the two pairs (S 1 , β 1 ) and (S 2 , β 2 ), where S 0 , S 1 and S 2 are closed Riemann surfaces and β 1 : S 1 → S 0 and β 2 : S 2 → S 0 are non-constant holomorphic maps. In general, S 1 × (β 1 ,β 2 ) S 2 is not a closed Riemann surface, but a singular Riemann surface (see Section 2.1 for the precise definition). By deleting all singular points of the fiber product (this is a finite set), we obtain a finite collection of analytically finite Riemann surfaces T 1 , . . . , T n . Each T j can be compactified (by adding its punctures) to obtain a unique, up to biholomorphism, closed Riemann surface, called an irreducible component of the fiber product. In [11] the first author observed that any two irreducible components of lowest genus (if different from one) define isomorphic closed Riemann surfaces (for genus one they are isogenous elliptic curves). The aim of this paper is to continue with the study of such fiber products.
The paper is organized as follows. In Section 2.1 we provide the definition of singular Riemann surfaces. In Section 2.2 we recall the definition of the fiber product; in the case of Riemann surfaces we prove that it is a singular Riemann surface (Proposition 2.1). In Section 2.3 we provide a Fuchsian group description of the analytically finite Riemann surfaces T j obtained in the fiber product (Theorem 2.3) and, as a consequence, we observe that if one of the maps β j is a regular branched covering, then the irreducible components are pairwise isomorphic Riemann surfaces (Corollary 2.5). In Section 2.4 we study conditions for the fiber product to be irreducible; so it has a structure of a closed Riemann surface. FultonHansen in [9] have proved that, when S 0 has genus zero, the fiber product is connected. We provide some examples, when S 0 has positive genus, of non-connected fiber products. In the case that the fiber product is connected, we provides sufficient conditions for it to be irreducible (Theorem 2.6). Unfortunately, such sufficient conditions are not necessary, as we see from explicit examples. We also provide an upper bound for the number of irreducible components of the fiber product. In Section 3 we define an algebraic invariant of the fiber product, called the strong field of moduli. We observe that this field is the smallest field containing the fields of moduli of the two corresponding pairs (S 1 , β 1 ) and (S 2 , β 2 ) (Theorem 3.2). Some applications to dessins d'enfants are also discussed in Section 3.3. In Section 4, we study the Jacobian variety of the components of fiber products, when these are nonsingular in the case that both maps β j are regular. If, in addition, the maps β j cover the Riemann sphere, we provide an isogenous decomposition of the Jacobian variety of the fiber product (Theorem 4.2). Finally, in Section 5 we provide a list of examples of fiber products. For many of the examples we have used MAGMA [2] .
The results of this article are mostly based on the third author's Ph.D. thesis at the Universidad de Chile [28] .
2. The fiber product of Riemann surfaces 2.1. Singular Riemann surfaces. Let R 1 , . . . , R n be closed Riemann surfaces and C 1 , . . . , C m be pairwise disjoint finite subsets of R 1 ∪ . . . ∪ R n . The space obtained by identify all points belonging to the same set C j is called a singular Riemann surface; its irreducible components are the started Riemann surfaces R j and its singularities are the m equivalence classes C 1 , . . . , C m . In the case that n ≥ 2, one says that the singular Riemann surface is reducible; otherwise, it is called irreducible.
Observe that a singular Riemann surface has structure of compact topological space so that the complement of the singular points has structure of analytically finite Riemann surface. Moreover, the singular points have neighborhoods homeomorphic to a finite union of cones with a common vertex.
2.2.
Fiber product of Riemann surfaces. Let us fix three closed Riemann surfaces S 1 , S 2 and S 0 and two non-constant holomorphic maps β 1 : S 1 → S 0 and β 2 : S 2 → S 0 . The fiber product (in the set theoretical setting) of the two pairs (S 1 , β 1 ) and (S 2 , β 2 ) is defined by
The above fiber product is a closed subset of the compact complex surface S 1 × S 2 , so it is compact. Moreover, if we denote by π j :
In general, the fiber product S 1 × (β 1 ,β 2 ) S 2 is not a closed Riemann surface, but a singular Riemann surface as shown by the next.
A point (z 1 , z 2 ) ∈ S 1 × (β 1 ,β 2 ) S 2 will be called a singular point if both z 1 is a critical point of β 1 and z 2 is a critical point of β 2 .
Proposition 2.1. The fiber product S 1 × (β 1 ,β 2 ) S 2 is a singular Riemann surface.
2 ) is identified with (0, 0). Let d be the maximum common divisor between n 1 and n 2 . Then n j = dm j for a suitable integer m j . Now, if ω is a d−th primitive root of the unity, then we may see that
which is homeomorphic to a collection of d cones with common vertex at (0, 0). The previous observation, in particular, asserts the following facts. The points for which d ≥ 2 are isolated (so a finite set) and the fiber product locally looks like the union of d cones glued together at the common vertex. The set of points in the fiber product for which d = 1 has structure of Riemann surface which might be non-connected; however, each connected component is analytically finite (a compact Riemann surface from which a finite number of points have been deleted). All the ensures asserts that the fiber product is a singular Riemann surface, as desired.
The above asserts that the complement of the singular points of the fiber product is a finite collection of analytically finite Riemann surfaces, say T * 1 , . . . , T * n . Next, for each of these analytically finite Riemann surfaces T * j we proceed to obtain a new analytically finite Riemann surface T j ⊂ T * j (this in order to have a good Fuchsian groups description later). Let us denote by B the finite subset of S 0 consisting of those of points which are a branch value of either β 1 or β 2 . Set
is the fiber product of the two pairs (S We have the natural restriction of π j :
The following property is not hard to see (see the previous proof).
Remark 2.2. The universal property of the fiber product asserts the following. If X is an analytically finite Riemann surface and p j : X → S * j are non-constant holomorphic maps so that β 1 • p 1 = β 2 • p 2 , then there exists an irreducible component T k of the fiber product (as in the above proof) and a holomorphic map t :
2.3. A Fuchsian group description of the fiber product. Let us keep with notation and definitions given above.
Let us assume S * 0 is a hyperbolic Riemann surface (the non-hyperbolic situation can be carried out in a similar way by replacing the hyperbolic plane by either the complex plane or the Riemann sphere). Let Γ 0 be a Fuchsian group, acting on the hyperbolic plane H 2 , so that S * 0 is conformally equivalent to H 2 /Γ 0 . As a consequence of basic covering theory, there is finite index subgroup Γ j of Γ 0 so that the covering β j : S * j → S * 0 is realized by any of the subgroups γΓ j γ −1 , where γ ∈ Γ 0 .
Theorem 2.3. Every component T k is isomorphic to one of the quotients
• Q 2 and therefore, by the universal property of the fiber product, the surface H 2 /K is one of the components T k . Conversely, each T k is obtained in the above way by suitable choices of γ 1 and γ 2 . The result follows directly after noticing that for every γ 1 , γ 2 ∈ Γ 0 , the groups γ 1 Γ 1 γ Proof. The normalizer N j of Γ j in Γ 0 (i.e., those γ ∈ Γ 0 so that Γ j = γΓ j γ −1 ) has finite index, say b, in Γ 0 . Then the theorem above asserts that in the collection T 1 , . . . , T n there are at most b non-isomorphic Riemann surfaces. In particular, if b = 1 then all of them are isomorphic.
If T is an analytically finite Riemann surface, then it is known that there is a unique closed Riemann surface T containing it; see [20] . It follows that the irreducible component of the fiber product are given by T 1 , . . . , T n . In this way, the above can be stated as follows. Proof. Let us assume that β 2 : S 2 → S 0 is a regular branched cover. Then β 2 : S * 2 → S * 0 is a regular unbranched cover; so Γ 2 is a normal subgroup of Γ 0 . Thus (Γ 1 ∩ γΓ 2 γ −1 ) = Γ 1 ∩ Γ 2 , for every γ ∈ Γ 0 and the result follows.
2.4.
On the irreducibility of the fiber product. In [9] it was observed that the fiber product is connected when S 0 has genus zero. The following example shows that the fiber product might not be connected in the case that S 0 has positive genus.
Example 1 (Examples of non-connected fiber products).
(1) An example when S 0 has genus at least two. Let us consider closed Riemann surfaces S 0 and S , both of genus at least two, and let π : S → S 0 be an unbranched covering
S 2 would be strictly bigger than of S . Now, by taking P j : S → S j equal to the identity we see that S covers S 1 × (β 1 ,β 2 ) S 2 , providing a contradiction to the Riemann-Hurwitz formula (since the genus of S is strictly less than of S 1 × (β 1 ,β 2 ) S 2 ). (2) An example when S 0 has genus one. For λ ∈ C − {0, 1}, we consider S 1 = S 2 = S , where
Note that π : S → S 0 is an unbranched two-fold cover whose deck group is cyclic generated by the involution τ([x 1 : x 2 : x 3 :
Then, the fiber product in this case is The following example shows that, even in the case that the fiber product is connected, it might be reducible.
In this way, X = A ∪ B, where
S 2 consists of two irreducible components, one of them is the Riemann sphere and the other is provided by the genus one Riemann surface
Next result states sufficient conditions for the fiber product, when it is connected (for instance, if S 0 has genus zero), to be irreducible. Theorem 2.6. Let β 1 : S 1 → S 0 and β 2 : S 2 → S 0 be two non-constant holomorphic maps between closed Riemann surfaces so that the fiber product is connected. For each j = 1, 2 and each q ∈ S 0 , we set a
q ) = 1, for every q ∈ S 0 , where " gcd " stands for "greater common divisor", then the fiber product
Proof. The singular points of S 1 × (β 1 ,β 2 ) S 2 are those points (z 1 , z 2 ) ∈ S 1 × S 2 such that β 1 (z 1 ) = β 2 (z 2 ) and so that, for each j = 1, 2, the point z j ∈ S j is a critical point of β j , that is, ord β j (z j ) = n j ≥ 2. In local coordinates, we may assume that the singular point is (0, 0) and that β j (z) = z n j ; so a neighborhood of such a singular point looks (locally) like {(z, w) ∈ C 2 : z n 1 = w n 2 }. In this way, if gcd(n 1 , n 2 ) = d, then the singular point (z 1 , z 2 ) has a neighborhood that looks like d different cones glued along such a point.
Let us assume (1) holds. Let R k be any of the irreducible components of
and, in particular, that there is at most one such irreducible component of
Let us now assume (2) holds. Under the hypothesis, each of the singular points of S 1 × (β 1 ,β 2 ) S 2 has a neighborhood homeomorphic to a disc. As already we know that S 1 × (β 1 ,β 2 ) S 2 is connected, the result follows.
Next example shows that the sufficient conditions in Theorem 2.6 are not necessary ones.
Example 3 (An example where the conditions of Theorem 2.6 are not necessary). Let us consider (1) of Theorem 2.6 does not hold. Also, as β
2 (∞) and ord β 1 (∞) = 6 = ord β 2 (∞), then neither Condition (2) of Theorem 2.6 holds. But,
is an irreducible curve. It has a singular point with a neighborhood being 6 cones glued at their vertices (corresponding to the preimage of ∞) and another singular point (one of the preimages of 0) with a neighborhood being a disc. This curve has genus 7.
Theorem 2.6 provides sufficient conditions for the fiber product to be irreducible, but these conditions are not necessary as seen from Example 3. In most of the cases (without assuming the conditions in such a theorem) an upper bound for the number of irreducible components is provided by the following (as a consequence of the Fuchsian description).
Lemma 2.7. The number of irreducible components of the fiber product of the two pairs (S 1 , β 1 ) and (S 2 , β 2 ) is at most gcd(deg(β 1 ), deg(β 2 )).
3. The strong field of moduli of the fiber product 3.1. The field of moduli of pairs. Let us consider a pair (R, η), where R is a closed Riemann surface and η : R → C is a non-constant meromorphic map. As a consequence of the Riemann-Roch's Theorem [24] , we may assume that R is a non-singular complex projective algebraic curve and that η is a rational map. From now on, we assume all our pairs to be described algebraically, say that R is given as the common zeroes of the homogeneous polynomials P 1 , . . . , P n and that η = Q 1 /Q 2 , where Q 1 and Q 2 are homogeneous polynomials of the same degree.
If σ ∈ Gal(C) (the group of field automorphisms of C), then we denote by P σ j (respectively, Q σ j ) the polynomial obtained from P j (respectively, Q j ) by applying σ to its coefficients. The polynomials P σ 1 , . . . , P σ n define a non-singular complex projective algebraic curve R σ (homeomorphic to R) and η σ = Q σ 1 /Q σ 2 is a rational map on it. We say that (R σ , η σ ) is isomorphic to (R, η) if there is an isomorphism f σ : R → R σ so that η σ • f σ = η. We denote this by the symbol (R σ , η σ ) ≡ (R, η). The field of moduli of the pair (R, η) is defined as the fixed field of the group
It is a well known fact that this field is contained in any field of definition of (R, η), but it might be that it is not a field of definition (see, for instance, [8, 12, 13, 16, 19, 27] ). A consequence of Weil's descent theorem [30] (see also [15] ), the field of moduli is a field of definition if R has no non-trivial automorphisms. A result due to Wolfart [31] asserts that if R is quasiplatonic (i.e., when R/Aut(R) has genus zero and exactly three cone points) then the field of moduli is also a field of definition. 
The strong field of moduli of the fiber product (S 1 × (β 1 ,β 2 ) S 2 , β) is defined as the fixed field of the group
Remark 3.1. If in our previous definition we forget the existence of the isomorphisms F 1 and F 2 , then we obtain the field of moduli of the pair (S 1 × (β 1 ,β 2 ) S 2 , β). So, we may see that the field of moduli of the fiber product is a subfield of its strong field of moduli. The strong field of moduli takes care of all the information in the construction of the fiber product.
It can be seen from the definitions that the strong field of moduli always contains the fields of moduli of (S 1 , β 1 ), (S 2 , β 2 ) and of (S 1 × (β 1 ,β 2 ) S 2 , β). The following result states that this is the smallest fields containing the fields of moduli of the two starting pairs. Proof. Let us consider the subgroup G j = σ ∈ Gal(C) : (S σ j , β σ j ) ≡ (S j , β j ) and its fixed field K j (the field of moduli of the pair (S j , β j )), for j = 1, 2. Let K be the smallest field containing K 1 and K 2 . As already observed in Remark 3.1, we only need to prove that the strong field of moduli is contained in K.
If σ ∈ G 1 ∩ G 2 , then, for each j = 1, 2, there is an isomorphisms f j :
This shows that the strong field of moduli of the fiber product of the starting pairs is contained in K.
As already stated in Remark 3.1, the strong field of moduli differs from the field of moduli. In the following example we see that the strong field of moduli is an extension of degree two of the field of moduli for a fiber product. . In this case, we have the isomorphism f :
Since there is no possible isomorphism between S 1 and S σ 1 (otherwise the field of moduli will be Q, a contradiction), we may see that the strong field of moduli of the fiber product is still Q(i), but that the field of moduli of the above fiber product is Q.
Question 3.3. Is the strong field of moduli of the fiber product always a subfield of degree at most two of the field of moduli?
3.3. An application to dessins d'enfants. Belyi's theorem [1] asserts that a closed Riemann surface S can be defined by a curve defined over the field Q of algebraic numbers if and only if there is a non-constant holomorphic map β : S → C whose critical values are contained in the set {∞, 0, 1}; we say that S is a Belyi curve, that β is a Belyi map for S and that (S , β) is a Belyi pair. Two Belyi pairs, (S 1 , β 1 ) and (S 2 , β 2 ), are called equivalent if there exists an isomorphism (holomorphic homeomorphism) h : S 1 → S 2 so that β 2 • h = β 1 . In this setting, Belyi's theorem asserts that every Belyi pair (S , β) is equivalent to a Belyi pair (C, β C ), where the algebraic curve C and the rational map β C are both defined over Q.
Let us consider two Belyi pairs (S 1 , β 1 ) and (S 2 , β 2 ), where we assume S j is given as an algebraic curve over Q and β j is a rational map also defined over Q. Then its fiber product S 1 × (β 1 ,β 2 ) S 2 is a connected, possible reducible, algebraic curve defined over Q and the map β : S 1 × (β 1 ,β 2 ) S 2 → C defined by β(z 1 , z 2 ) = β j (z j ) is also a rational map defined over Q. Each irreducible component turns out to be a Belyi curve (and the restriction of β to it a Belyi map). By Theorem 2.6 we have simple sufficient conditions for the fiber product to be irreducible; so for (S 1 × (β 1 ,β 2 ) S 2 , β) to be a Belyi pair. In the Fuchsian description given in Section 2.3, the group Γ 0 can be chosen to be
is the deck group of β j , the direct product G 1 × G 2 acts naturally on the fiber product S 1 × (β 1 ,β 2 ) S 2 by the rule
In this case,
Among all Belyi pairs the most interesting ones are the regular or quasiplatonic ones; these are the ones for which the Belyi map is a regular branched cover. If both Belyi pairs are regular, then the fiber product is also regular, all its irreducible components are isomorphic and the corresponding deck group is the direct product of both deck groups.
As defined by Grothendieck in [10] (a 1 , . . . , a α ; b 1 , . . . , b β ; c 1 , . . . , c γ ) where 1 ≤ a 1 ≤ a 2 ≤ . . . ≤ a α are the degrees at the black vertices of D (it has exactly α black vertices), 1 ≤ b 1 ≤ b 2 ≤ . . . ≤ b β are the degrees at the white vertices of D (it has exactly β white vertices) and 1 ≤ c 1 ≤ c 2 ≤ . . . ≤ c γ are the degrees at the faces of D (it has exactly γ faces). Remember that the degree of a face is half the number of boundary edges of it. By Euler's characteristic formula, 2 − 2g = α + β + γ − n, where
Due to the equivalence of the categories of Belyi pairs and dessins d'enfants, the above permit to talk of the fiber product of two given dessins. But, as already noted, such a fiber product may not be again a dessin d'enfants. Theorem 2.6 may be stated, in terms of dessins d'enfants, as follows.
Theorem 3.4. Let D 1 and D 2 be two dessin d'enfants and let
Define, for each j = 1, 2, 
Isogenous decomposition of the jacobian variety of fiber products
Let G be a finite group acting on a closed Riemann surface S of genus g S ≥ 2. It is classically known that this action induces an action of G on the Jacobian variety JS of S and this, in turn, gives rise to a G-equivariant isogeny decomposition of JS into abelian subvarieties (see, for instance, [4, 7] ).
The decomposition of Jacobian varieties with group actions has been extensively studied in different settings, with applications to theta functions, to the theory of integrable systems and to the moduli spaces of principal bundles of curves, among others. The simplest case of such a decomposition is when G is a group of order two; this fact was already noticed in 1895 by Wirtinger [29] and used by Schottky and Jung in [26] . For other special groups see, for example, [3, 5, 18, 21, 23, 25] .
In [6] , Kani and Rosen studied relations among idempotents in the algebra of rational endomorphisms of an arbitrary abelian variety. By means of these relations, in the case of the Jacobian variety of a Riemann surface S with action of a group G, they succeeded in proving a decomposition theorem for JS in which, under some assumptions, each factor is isogenous to the Jacobian of a quotient S H of S by the action of a subgroup H of G. Recently, in [22] , a generalization of Kani-Rosen's result was proved. For the sake of explicitness and for later use, we exhibit (a particular case of) this generalization. Let us consider two pairs (S 1 , β 1 ) and (S 2 , β 2 ), where S j is a closed Riemann surface and β j : S j → S 0 is a non-constant regular holomorphic map, over a closed Riemann surface S 0 , so that the fiber product S 1 × (β 1 ,β 2 ) S 2 is connected and irreducible. As a consequence of Theorem 4.1, under some conditions, in the next we provide an isogenous decomposition of the Jacobian J(S 1 × (β 1 ,β 2 ) S 2 ) in such a way that it contains, simultaneously as factors, the Jacobians of the starting Riemann surfaces. 
Proof. We recall that as the holomorphic maps β j are regular, by Corollary 2.5, the irreducible components of S 1 × (β 1 ,β 2 ) S 2 are pairwise isomorphic closed Riemann surfaces; hence, their Jacobians are isomorphic (as principally polarized abelian varieties). It follows that it is enough to consider one of its irreducible components; say C H 2 /Γ 12 where Γ 12 = Γ 1 ∩ Γ 2 and H 2 /Γ j S j for j = 0, 1, 2. Let us denote by G j ≤ Aut(S j ) the deck group associated to the holomorphic map β j . Clearly, Γ j is a normal subgroup of Γ 0 and G j Γ 0 /Γ j .
As mentioned in the previous section, the direct product G 1 × G 2 acts naturally on C and is isomorphic to the deck group associated to the holomorphic map β : C → S 0 , where
In terms of Fuchsian groups, this fact can be easily understood because
Consequently, the deck group H j ≤ Aut(C) associated to the projection π j : C → S j is
Now, as the group generated by H 1 and H 2 is isomorphic to G 1 × G 2 , the quotient C H 1 ,H 2 is isomorphic to S 0 . Thus, Theorem 4.1 ensures the existence of an abelian subvariety P of JC such that JC × JS 0 ∼ JS 1 × JS 2 × P. Finally, if we assume S 0 to have genus zero, then C = S 1 × (β 1 ,β 2 ) S 2 and the result follows.
Examples
Example 5 (An example where the necessary conditions of Theorem 2.6 hold).
Note that (S 
C , which is isomorphic to the following irreducible curve of genus 4: 
In this example, deg( . The fiber product is given by 
Example 7 (An example where the upper bound in Lemma 2.7 is not sharp). Let us consider
. In this case
which consists of three irreducible components, these being:
(a genus one curve).
But, in this example we may see that gcd(deg(β 1 ), deg(β 2 )) = 6 3.
Example 8 (Fiber product of cyclic gonal curves). Let n, m ≥ 2 be integers and set
C . In affine coordinates (z = v = 1), the above fiber product can be seen as follows:
we obtain that
where ρ D n,m is a D n,m −th primite root of the unity. It follows that X n,m (and so S 1 × (β 1 ,β 2 ) S 2 ) contains exactly D n,m connected components, these being given by
All of these irreducible components are isomorphic by Corollary 2.5 (see also [11] ). In the following table, the last column provides the genus of the corresponding irreducible components in the fiber product. The pair (S 1 , β 1 ) (respectively, (S 2 , β 2 )) is a regular Belyi pair whose deck group is the Abelian group Z For instance, if we set n = 4 and m = 2, then the fiber product provides 4 (isomorphic) irreducible components, each one a curve of genus 3, these being An isomorphism between R 1 and R 2 is given by taking u to iu, an isomorphism between R 1 and R 3 is given by taking x to ix and an isomorphism between R 1 and R 4 is given by taking u to iu and x to ix. Moreover, R 1 is isomorphic to 
